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ABSTRACT
We investigate the possible impact of diffusion on the abundance of helium and other
primordial elements during formation of the first structures in the early Universe. We
consider the primary collapse of a perturbation and subsequent accretion of matter
onto the virialized halo, restricting our consideration to halos with masses consid-
erably above the Jeans limit. We find that diffusion in the cold and nearly neutral
primordial gas at the end of the Dark Ages could raise the abundance of primordial
elements relative to hydrogen in the first virialized halos: helium enrichment could
reach δYp/Yp ∼ 10−4 in the first star-forming minihalos of ∼ 105–106M. A moderate
(to ∼ 100 K) preheating of the primordial gas at the beginning of cosmic reionization
could increase this effect to δYp/Yp ∼ 3×10−4 for ∼ 106M halos. Even stronger abun-
dance enhancements, δYp/Yp ∼ a few 10−3, may arise at much later, post-reionization
epochs, z ∼ 2, in protogroups of galaxies (∼ 1013M) as a result of accretion of warm-
hot intergalactic medium with T ∼ 106 K. The diffusion-induced abundance changes
discussed here are small but comparable to the already achieved ∼ 0.1% precision of
cosmological predictions of the primordial He abundance. If direct helium abundance
measurements (in particular, in low-metallicity HII regions in dwarf galaxies) achieve
the same level of precision in the future, their comparison with the BBN predictions
may require consideration of the effects discussed here.
Key words: Primordial abundance, diffusion, early Universe, epoch of reionization
1 INTRODUCTION
In the very early Universe, 1 to 300 seconds after the Big
Bang, neutrons and protons coupled into nuclei and the pri-
mordial plasma composition was formed: hydrogen, helium-
4, deuterium, lithium-7 and a small admixture of other nu-
clides. Recently, measurements of the abundances of the pri-
mordial elements have drawn considerable attention. On the
one hand, the predictions of the standard Big Bang nucle-
osynthesis theory (BBN) are becoming more precise. The
only free parameter of BBN, the baryon-to-photon ratio,
has been tightly constrained by observations of the cosmic
microwave background (CMB) with the Planck space ob-
servatory. The Planck results and other recent cosmologi-
cal data, together with an improved nuclear reaction net-
work, now constrain the primordial helium abundance to
within a tenth of a per cent: Y BBNp = 0.2463± 0.0003 (Coc,
Uzan & Vangioni 2014). The corresponding predictions for
the primordial abundances of deuterium and lithium are
D/H = (2.65± 0.07)× 10−5 and Li/H = (4.9± 0.4)× 10−10.
On the other hand, direct measurements of the pri-
? E-mail: tomedvedev@iki.rssi.ru
mordial helium abundance have now reached a precision
of about 1%. The standard approach is based on observa-
tions of low-metallicity HII regions in dwarf galaxies and ex-
trapolating the measured dependence of the helium abun-
dance on metallicity to extremely low metallicities. Using
this method, Skillman et al. (2013) achieved a precision of
a few per cent: Y obsp = 0.253± 0.008. Another recent deter-
mination by Izotov, Stasin´ska & Guseva (2013) provided an
even more precise measurement: Y obsp = 0.254± 0.003.
One may hope that further progress in observational
techniques will make it possible to improve the accuracy
of direct helium abundance measurements by another or-
der of magnitude or so and thus bring it to the already
achieved ∼ 0.1% level of cosmological predictions of the pri-
mordial helium abundance, enabling a stringent test of the
BBN paradigm. When dealing with such tight constraints it
is crucial to account for any astrophysical phenomena that
may have affected the helium abundance during the cosmic
history. One such potentially important effect is considered
in the present work.
It has been demonstrated (Gilfanov & Syunyaev 1984;
Shtykovskiy & Gilfanov 2010; Medvedev et al. 2014) that
long-term (billions of years) diffusion in the intracluster
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medium (ICM) of clusters of galaxies may cause a noticeable
increase of the cluster-averaged helium abundance due to net
inflow of helium from the intergalactic medium. Although
this result was obtained for a hydrostatic model of the ICM
immersed in an infinite reservoir of gas (assuming constant
density at the outer boundary), a similar phenomenon may
be expected to take place in protoclusters and more gen-
erally during structure formation in the Universe. So far,
there have been very few works on primordial element dif-
fusion. Medvigy & Loeb (2001) studied diffusion of primor-
dial elements in the linear regime of perturbation growth.
Kusakabe & Kawasaki (2015) suggested that ambipolar dif-
fusion of ionized lithium during structure formation might
explain the discrepancy between the observed lithium abun-
dance (the so-called Spite plateau, Spite & Spite 1982) and
the BBN predictions, provided there are sufficiently strong
primordial magnetic fields.
In this work we examine diffusion-driven separation of
the primordial elements during the formation of the first
star-forming minihalos and galaxies in the early Universe.
We consider two stages of structure formation and evolution:
i) the primary collapse of a halo and ii) subsequent accretion
of matter onto the virialized halo.
2 MODEL
In astrophysical setups, diffusion can be caused by concen-
tration, density and temperature gradients in a gas and by
gravity. In many astrophysical problems, diffusion is con-
sidered for systems that are in a state of hydrostatic equi-
librium. Typically, it means that the gravitational force is
balanced by the opposite force of the gas pressure gradient,
which is itself caused by the gravity. Therefore, if thermal
diffusion is negligible, it is gravity that drives diffusion in
such systems, giving rise to gravitational separation of dif-
ferent ionic species.
In our primary focus here is diffusion during the forma-
tion of the first structures in the Universe. In this case, an
assumption of hydrostatic equilibrium would be appropriate
only for rare objects with masses near the Jeans mass and
also at the initial linear stage of growth of a perturbation of
any mass. We do not consider this special case here and ad-
dress the more common case of structures with masses con-
siderably above the Jeans mass so that gas pressure is small
compared to gravitational attraction. Essentially, we con-
sider free fall of gas into a gravitational well. This, however,
does not imply that there is no diffision. In fact, since there
are still density and temperature gradients in the gas flows
under consideration, atomic species with different masses
and hence different thermal velocities experience different
(albeit small) pressure forces per unit mass, which causes
element diffusion. This type of diffusion is often referred to
as barodiffusion (for a detailed discussion, see §58 in Lan-
dau & Lifshitz 1987). In contrast to the case of hydrostatic
equilibrium, the diffusion here proceeds under “zero grav-
ity”, which means that the gravitational force drops from
the equations governing diffusion velocities. In this case, the
diffusion is slow compared to the bulk motion of the gas.
We consider two stages of structure formation and evo-
lution. The first stage is the primary collapse of a density
perturbation including its linear and nonlinear phases, while
the second one is the subsequent accretion of matter onto
the virialized object. We first focus our attention on the
early epoch between cosmological recombination and reion-
ization when most of the baryonic matter in the Universe
was neutral (Section 3.1). Next, we study diffusion in mod-
erately heated, weakly ionized gas during the early stages of
cosmic reionization (Section 3.2). Finally, we discuss effects
of diffusion in the hot intergalactic gas after reionization of
the Universe was completed (Section 3.3).
Here are our basic assumptions:
• For both stages, we use a model of an isolated,
spherically symmetric perturbation. For the second (accre-
tion) stage, we use the self-similar solution of Bertschinger
(1985). We assume that there is no magnetic field in the
medium outside the forming halo (hereafter the intergalac-
tic medium, IGM), which might be a reasonable assumption
for the early cosmic epochs considered here.
• We adopt a ΛCDM cosmology with parameters inferred
from the Planck data: H0 = 67.3 km s
−1 Mpc−1, Ωm =
0.3175 and Ωb = 0.049 (Planck Collaboration et al. 2014).
The present-day CMB temperature is TCMB,0 = 2.73 K
(Fixsen 2009). We neglect the contribution of the Λ-term
in equations of fluid dynamics, since we are interested in
early epochs at z  1.
• We assume that the IGM is an ideal gas with γ = 5/3.
The initial abundance of elements is taken to be primor-
dial and spatially uniform: the mass fraction of He4 is
Yp = 0.2463; the abundances of deuterium and lithium are
AD = 2.65 × 10−5 and ALi7 = 4.9 × 10−10, respectively
(Coc, Uzan & Vangioni 2014). The latter are defined as the
ratio of the number of nuclei of a given element to that of
hydrogen. The baryon gas is modeled as a composition of
6 species: neutral hydrogen, neutral He4, protons, singly or
doubly ionized He4, electrons and some minor species. The
latter is either deuterium or lithium in various ionization
states. Importantly, diffusion of the main species, hydrogen
and helium, is not affected by the presence of minor species
because of the very small abundance of the latter.
• The free electron fraction xe is calculated with the
RECFAST code (Seager, Sasselov & Scott 1975). The mean
baryon temperature Tm is obtained in the standard way
from the balance equation taking into account the coupling
of free electrons to the background radiation and the adia-
batic expansion (Peebles 1993). We also assume that grav-
itational compression induces an adiabatic rise in the gas
temperature, so that T = Tm(δ + 1)
γ−1, where δ(r, t) is
the density contrast. In Sections 3.2–3.3, we additionally
take into account IGM heating and ionization during cos-
mic reionization by explicitly setting xe and Tm.
2.1 Stage I. Perturbation growth up to collapse
We consider a spherical perturbation of radius Ri and uni-
form overdensity δi  1, or equivalently of mass Mi, at
initial moment ti (the top-hat model). The well-known im-
plicit solution for the motion of shells via conformal time
parameter θ (for details see Peebles 1980) is
r =
ri
∆i
sin2
θ
2
, (1)
c© 2015 RAS, MNRAS 000, 1–??
Helium diffusion during structure formation 3
t =
3
4
ti∆
−3/2
i (θ − sin θ) , (2)
where ri is the initial radius of a given shell and ∆i is the
initial overdensity within this shell. This solution holds both
inside and outside the top-hat perturbation, with ∆i = δi
for ri 6 Ri and ∆i = δi R
3
i
r3i
for ri > Ri. We denote by R(t)
the solution of equations (1), (2) for the boundary of the
perturbation, i.e. R(ti) = Ri.
In this simplistic model shell crossing does not occur be-
fore collapse of the perturbation, and thus the mass interior
to a given shell remains constant and is given by
M(t) = Mi =
4
3
pir3i (1 + ∆i)(ρbg)i, (3)
where (ρbg)i = ρbg(ti), ρbg = ρcΩm(1+z)
3 is the background
matter density and ρc = 3H
2
0/(8piG) is the critical density.
Assuming that baryons constitute a constant fraction of the
total matter density, the mean gas density ρ¯ within a given
shell evolves as
ρ¯ =
9
2
Ωb
Ωm
ρbg
(θ − sin θ)2
(1− cos θ)3 . (4)
By differentiating this equation, we can determine the radial
profile of the gas density: for r > R(t),
ρ = ρ¯
[
1 + 3
(
1− 3
2
sin θ(θ − sin θ)
(1− cos θ)2
)]−1
; (5)
whereas for r 6 R(t), ρ = ρ¯. To express the gas density
as a function of physical quantities (r and t), one ought to
solve equations (1), (2) for θ and substitute the result into
equations (4), (5). For r 6 R(t), the density is constant and
θ can be obtained directly from equation (2). For the flow
outside the top-hat perturbation (r > R(t)), substitution of
ri from equation (2) into equation (1) yields:
r = δ
1/3
i Ri
(
4
3
t
ti
)8/9
sin2
θ
2
(θ − sin θ)−8/9. (6)
By expanding equations (5) and (6) at θ = 0 and keeping
the first nontrivial terms, we can approximate ρ(r, t) as
ρ = (Ωb/Ωm)ρbg
[
1 +
12
175
δ2i
(
t
ti
)16/3(
r
Ri
)−6]
. (7)
Figure 1 shows how the gas density radial profile evolves
during the growth of the perturbation.
The gas bulk flow velocity is
u(r, t) =
dr
dt
=
r
t
sin θ(θ − sin θ)
(1− cos θ)2 . (8)
It approaches the unperturbed Hubble flow velocity vH =
2r/3t as θ → 0. Assuming adiabatic gas compression, we
can also determine the gas temperature profile:
T = Tm
(
ρ
(Ωb/Ωm)ρbg
)γ−1
, (9)
where Tm is the background gas temperature. Since the den-
sity increases with decreasing radius at r > R(t), so does the
temperature.
The pressure gradient caused by the inward increase of
density and temperature gives rise to barodiffusion in the gas
flow outside the top-hat perturbation, while in the approxi-
mation used here there is no diffusion inside it (because the
r / Ri
10 10010
-4
10-3
10-2
0.1
1
10
z = 100 z = 50 z = 30 z = 16.5
δ 
before collapse
Figure 1. Radial profiles of gas overdensity (δ =
ρ/(Ωb/Ωm)ρbg − 1, eqs. (1), (2), (4), (5)) inside (thin dashed
lines) and outside (thick solid lines) of a growing spherical top-
hat perturbation with Mi = 10
8M and virialization redshift
zvir = 10 at different moments: z = 100 (blue), z = 50 (red),
z = 30 (green) and z = zita = 16.5 (initial turn-around). The
dash-dotted lines show an approximation valid in the outer parts
of the density profiles (eq. 7). For zita, also the radial profile of
the mean density of gas interior to r is shown by the thick long
dashed line (eq. 4).
density and temperature are constant there). The perturba-
tion ceases expanding and turns around to collapse at time
tita =
3pi
4
δ
−3/2
i ti (corresponding to θ = pi), when its over-
density has increased to δ ≈ 4.55. We calculate net particle
flows due to diffusion through the expanding outer boundary
of the perturbation over the period from ti to tita. Formally,
the solution for spherical collapse remains valid up to a later
time tvir = 2tita, when the central density becomes infinite,
but in reality perfect collapse is unlikely to happen due to
the presence of anisotropies and angular momentum in the
initial distribution of matter. Instead, the collisionless com-
ponent (dark matter) is expected to reach virial equilibrium
by “violent relaxation” (for a detailed discussion see Mo,
van den Bosch & White 2010), whereas the baryon gas will
develop a shock and get heated to a temperature at which
pressure balance will prevent further collapse. Due to the
complexity of the relaxation process, we skip the virializa-
tion stage from our analysis.
It should be noted that in the top-hat approximation
used here, there is an abrupt jump of gas density at R(t),
seen in Fig. 1. This formally implies an infinite diffusive
flow through the boundary of the perturbation. However,
this jump is outside our computational volume and does
not affect the solution of the diffusion equations.
2.2 Stage II. Cosmological accretion
After virialization of the initial perturbation and formation
of a bound halo, it continues to accrete matter. Shells out-
side the initially overdense region (ri > Ri) turn around at
successively later times, tita(ri/Ri)
9/2, so that the current
c© 2015 RAS, MNRAS 000, 1–??
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Figure 2. Self-similar radial profiles of gas overdensity (δ =
ρ/(Ωb/Ωm)ρbg − 1, eq. 13, blue solid line), mean overdensity
within r (eq. 12, red dashed line) and velocity (eq. 14, here divided
by the Hubble velocity, black dash-dotted line) during accretion
of matter onto a virialized halo at z < zvir.
turn-around radius at time t is
rta(t) = rita
(
t
tita
)8/9
, (10)
as can be found from equations (1), (2) by substituting θ =
pi.
A 1-D model for halo formation by infall of matter in
an expanding universe has been developed by Gott (1975);
Gunn (1977); Fillmore & Goldreich (1984); Bertschinger
(1985). In the adiabatic solution, the baryon component
accretes through an outwardly propagating shock near the
virial radius, rs ∼ 1.3r200. Discussion of the cosmological
infall is greatly simplified by the fact that the adiabatic so-
lution is self-similar: all lengths can be scaled in terms of the
current turn-around radius rta(t). In real situation, radiative
gas cooling can lead to instabilities and disruption of the
shock front at rs and formation of a cooling flow (Forcada-
Miro & White 1997; Birnboim & Dekel 2003). Nevertheless,
the adiabatic solution should still be valid at r & rs. For
simplicity, we refer to the radius of the shock in this solu-
tion as the virial radius, rvir ≡ rs, and set this radius as the
inner boundary of the free-fall region. Similarly to the first
(perturbation growth) stage, we calculate net diffusive flows
through this boundary, but this time in the post-virialization
epoch z 6 zvir. Diffusion may also occur within the shocked
gas at r < rvir and lead to redistribution of elements inside
the halo (see, e.g., Gilfanov & Syunyaev 1984; Shtykovskiy
& Gilfanov 2010; Medvedev et al. 2014 for diffusion in the
ICM), but consideration of this problem is beyond the scope
of this work.
Following Bertschinger (1985), we can introduce the
nondimensionless radius
λ ≡ r
rta(t)
(11)
and express the mean gas density within r as
ρ¯ =
Ωb
Ωm
ρbgλ
−3M(λ). (12)
The corresponding radial profiles of the gas density and ve-
locity are
ρ =
Ωb
Ωm
ρbgD(λ), (13)
u =
rta
t
V (λ). (14)
The functions M(λ), D(λ) and V (λ) for the dimentionless
mass, density and velocity are tabulated in (Bertschinger
1985). Assuming adiabatic gas compression, we can addi-
tionally determine the gas temperature profile:
T = TmD
γ−1. (15)
For adiabatic gas with γ = 5/3, the shock occurs at
fixed λ ≡ λvir = 0.347 and propagates outwards as rvir ∝
t8/9. Due to accretion, the total gas mass interior to rvir
increases in time as ∝ t2/3. The pre-shock gas density and
velocity are Dvir = 4.02 and Vvir = −1.433, which means
that the pre-shock density is approximately four times the
unperturbed density in the Hubble flow. The pre-shock mass
parameter Mvir = 3.799 gives the mean overdensity within
rvir: ρ¯ = 91(Ωb/Ωm)ρbg. As a consequence of self-similarity,
the shape of the gas density profile is independent of time
(see Fig. 2).
2.3 Calculation of diffusion
We base our treatment of diffusion on the method developed
by Shtykovskiy & Gilfanov (2010); Medvedev et al. (2014).
The main difference is that we now study a flow with a large
Peclet number (the ratio of the advective transport rate to
the diffusive one). Under this condition, diffusion does not
affect macroscopic motions in the gas and can be regarded
as an additive process to the bulk motion of the gas.
We use the same notation as in Shtykovskiy & Gilfanov
(2010, section 3.1). The gas is composed of N species with
number densities ns, masses ms, charges Zs and mean ve-
locities us, all having the same temperature Ts = T . The
diffusion velocities ws are defined as:
ws ≡ us − u, (16)
where u is the mean fluid velocity (see eq. (14)):
u =
∑
s nsmsus∑
s nsms
. (17)
Assuming spherical symmetry, the momentum transfer
equation is
nsms
Dsus
Dt
+
d(nskBT )
dr
+ nsmsg − nsZseE = (18)
=
δMs
δt
≡
∑
t6=s
Kst[(wt − ws) + zst(xstrs − ystrt)],
where Ds/Dt is the convective derivative with respect to
us, g = GM(r)/r
2 is the gravitational acceleration, E is the
radial electric field, Kst is the friction coefficient between
species s and t (see below), rs,t are the residual heat flow
vectors (for details see Burgers 1969; Schunk 1975; Thoul,
Bahcall & Loeb 1994) and xst = µst/ms, yst = µst/mt
with µst = msmt/(ms + mt). We neglect the contribution
of reactive collisions in the momentum equation (see for a
discussion Geiss & Burgi 1986).
c© 2015 RAS, MNRAS 000, 1–??
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Since in the considered case u  ws, the convective
derivative can be approximated as Dsus
Dt
≈ Du
Dt
, where the
latter derivative is defined with respect to the mean fluid
velocity u (see eq. (17.15) in Burgers 1969). This approxi-
mation essentially leads to elimination of gravity in equa-
tion (18), since the motion of the gas as a whole is governed
by the Euler equation:
Du
Dt
= −1
ρ
dP
dr
− g, (19)
where P = kBT
∑
s ns is the total gas pressure. Thus in this
case the diffusion is driven by the small quantities ( g)
remaining on the left-hand side of equation (18):
dP
dr
cs
(
ηmp
ms
− 1
)
+ P
ηmp
ms
dcs
dr
− nsZseE = δMs
δt
, (20)
where η = 1/mp
∑
s nsms/
∑
s ns is the mean molecular
weight and cs = nsms/ρ is the mass fraction of species s.
Note that in hydrostatic regime Du
Dt
= 0 and then the largest
quantity on the left-hand side of equation (18) is gravity,
which is eliminated in our case.
We have the following equations for the residual heat
flow vectors:
5
2
nskB
dT
dr
=
∑
t6=s
Kstxst{5
2
zst(ws − wt) (21)
−rsyst[Yst/xst + 4
5
z′′st] + rtyst[3 + z
′
st − 4
5
z′′st]}
−2
5
z′′ssrsKss,
where Yst = 3yst+z
′
stxstmt/ms. Here we also neglect terms
related to the difference between the convective derivatives
Dsus
Dt
and Du
Dt
(see eq. (17.24) in Burgers 1969).
The friction coefficient between species s and t is
Kst =
16
3
µstΩ
(1,1)
st nsnt, (22)
where Ω
(l,j)
st is the Chapman-Enskog collision integral
(Chapman & Cowling 1970). It can be related to the binary
diffusion coefficient Dst as
Dst =
kbT
Kst
nsnt∑
s ns
. (23)
The coefficients zst, z
′
st, z
′′
st are the collision parameters, de-
termined by Ω
(1,1)
st ,Ω
(1,2)
st ,Ω
(2,2)
st (see Burgers 1969; Schunk
1975).
Variation of the collision frequency with atomic species
velocities causes so-called thermal diffusion (see, e.g.,
Monchick & Mason 1967), which is essentially motion of
more highly charged and more massive particles up the tem-
perature gradient. For the problem at hand, due to our as-
sumption of an adiabatic gas temperature profile, thermal
diffusion operates in the same direction as barodiffusion,
which leads to faster gravitational separation of hydrogen
and heavier elements. However, thermal diffusion proves to
be important only when the IGM is ionized and its tem-
perature is higher than 104 K. In other cases equation (18)
can be simplified by omitting terms with rs,t and then equa-
tion (21) is no longer needed. In addition, there is no electic
field for neutral gas, so E = 0 in equation (18) in that case.
Table 1. The transport cross-sections for neutral-neutral inter-
actions in atomic units (1 a.u. = 2.8 · 10−17 cm2) adopted in this
work
s-t H He D Li
H 194.1 100.0 88.6 223.5
He – 194.1 100.0 223.5
D – – 242.2 223.5
Li – – – 381.0
2.3.1 Neutral components
We regard collisions between neutral atoms as collisions be-
tween rigid elastic spheres. In the range of energies of inter-
est here, the neutral-neutral transport cross-section can be
considered independent of energy. For interactions between
hydrogen and helium atoms, we use the result of Chung
& Dalgarno (2002): σHeH ≈ 100 a.u.. For interactions be-
tween neutral hydrogen and deuterium we use cross-sections
from The Controlled Fusion Atomic Data Center1 at energy
0.1 eV. For interecitons with lithium we adopt results from
Krupenie, Mason & Vanderslice (1963), which are the colli-
sion integrals at T = 1000 K. The transport cross-sections
for neutral-neutral collisions are listed in Table 1. Since the
cross-sections of identical particles, σss, appear only in equa-
tion (21) for the heat flow vectors, these values are of lit-
tle importance. As was mentioned before, thermal diffusion
mainly operates in ionized hot gases.
The friction coefficient (or collision integral) between
neutral particles is the transport cross-section σst averaged
over the microscopic velocity distribution:
Kst =
16
3
(
kBTµst
2pi
)1/2
σstntns. (24)
The corresponding collision parameters are zst =
−1/5, z′st = 13/10, z′′st = 2 (see p. 182 in Burgers 1969).
2.3.2 Charged components
In our energy range the cross-section for charged-neutral col-
lisions tends to that given by the polarization approximation
(“the Langevin cross section”, see Pinto & Galli 2008 for
comparison with full quantum mechanical calculations):
σst = 2.03× 10−15Z1/2s
(
pt
A˚
3
)1/2(
Est
eV
)−1/2
cm2, (25)
where pt is the polarizability of neutral species t and Est is
the collision energy in the center-of-mass system. The po-
larizability of deuterium, hydrogen, helium and lithium are
pD ≈ pH = 0.667A˚3, pHe = 0.207A˚3, pLi = 24.31A˚3 (Oster-
brock 1961). The corresponding friction coefficient is given
by
Kst = 4.7× 10−33Z1/2s (µst/mp)1/2
(
pt
A˚
3
)1/2
nsnt g s
−1cm−3, (26)
1 http://www-cfadc.phy.ornl.gov/
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where mp = 1.67 × 10−24 g is the proton mass. We treat
the collision parameters for the interaction between charged
and neutral particles as for the interaction between Maxwell-
molecules (see Schunk 1975): zst = 0, z
′
st = 1, z
′′
st = 5/2.
For the transport cross-section and the frictional coef-
ficient of charged-charged collisions we use the standard ex-
pression of the Coulomb momentum transfer rate (Spitzer
1956):
σst = 2
√
pie4Z2sZ
2
t (kBT )
−2 ln Λst, (27)
Kst = (2/3)µst(2kBT/µst)
1/2nsntσst. (28)
The Coulomb logarithm is assumed to be ln Λst = 22 +
3/2 log( Tm
30 K
) everywhere (Burgers 1969). We also assume
that the collision parameters correspond to the pure
Coulomb potential with a long-range cutoff at the De-
bye length (see p. 182 in Burgers 1969): zst = 3/5, z
′
st =
13/10, z′′st = 2.
2.4 Simulations
We first define the spatial region for our computations. Since
we are interested in cumulative changes of element abun-
dances for a given object, we are relatively free in the choice
of the inner boundary, rin. For stage I (pre-collapse), we
define rin as the radius of the spherical perturbation R(t),
which keeps increasing until turn-around. For stage II (ac-
cretion onto the virialized halo), we set rin = rvir ≡ rs(t) ∝
t8/9. In both cases, we set a Neumann boundary condition
at rin, which means that we use a linearly extrapolated flux
outside the computational domain to evaluate the derivative
at the boundary. There is no shell crossing before collapse of
the halo and thus no net gas flow across rin, i.e. the mass of
gas enclosed within rin remains constant during stage I. Dur-
ing stage II, the outer boundary of the halo expands while
new gas accretes onto it, so that the halo’s mass increases
with time as ∝ t2/3.
According to these definitions, the inner boundary of
the diffusion region at the beginning of stage I, assumed to
take place at zi = 10
3, for a given initial halo mass Mi, is
rin(zi) ≈ 8.5 pc
(
Mi
105M
)1/3
. (29)
For stage II, for a given mass M at zvir, we find
rin(zvir) ≈ 1.7 kpc
(
M(zvir)
108M
)1/3(
1 + zvir
11
)−1
, (30)
which follows from equation (12). The redshift of virializa-
tion zvir ≈ 0.6zita is a free parameter of the model (it is
uniquely related to the initial overdensity δi for stage I).
We next define the outer boundary as rout ≈ Nrin(tf),
where tf is the time when the calculation is stopped (for
either stage I or stage II). We take this boundary dis-
tant enough that the IGM in its vicinity remains prac-
tically unperturbed and diffusion is negligible throughout
the simulation. Hence, the outer boundary conditions are
ws(rout) = 0, us(rout) = vH (where vH is the Hubble ve-
locity), ρ(rout) = Ωb/Ωmρbg. Typically, N ∼ 5 is sufficient,
and if so, we verify that the solution is insensitive to N .
We use a homogeneous Eulerian grid spanning from rin
to rout with Np = 1000 points. We perform computations
using the standard forward-in-time, upstream (donor-cell)
scheme. The number of grid points is chosen so as to ensure
that numerical diffusion is negligible compared to physical
diffusion. The time step is determined by the Courant cri-
terion and is typically dt ∼ 103–104 yr depending on the
scale length of the problem, dt ∼ rin
Npu(rin)
. Since the inner
boundary of the grid changes with time, we need to adjust
the grid at each time step: we reduce it by removing cells
whose central radius becomes smaller than rin(t). The outer
boundary is fixed.
Once the computational region is defined, we use the
following scheme to calculate evolution of physical variables:
(i) At given initial time ti, the density ρ (eq. 5 or 13),
temperature T (eq. 9 or 15) and mean fluid velocity u (eq. 8
and 14) are derived for each gridpoint.
(ii) Using the initial abundances of elements and a given
ionization fraction xe = ne/nH (hereafter nH, nHe, nD and
nLi are the number densities of H, He
4, D and Li7 nuclei,
respectively; so that e.g. for hydrogen nH = nH I + nH II),
we obtain the initial number densities of different species
(ions or electrons), ns. To this end, we use the primor-
dial mass fractions of He4, D and Li7: 4mpnHe/ρ = 0.2463,
2mpnD/ρ = 4.02 × 10−5 and 7mpnLi/ρ = 2.6 × 10−9. The
last two values have been derived from the abundances de-
fined in a more usual way, AD ≡ nD/nH and ALi7 ≡ nLi/nH,
which were quoted in Section 2. Using mass fractions allows
one to simplify the system of equations for the initial values
of ns to a linear one. We also assume electro-neutrality for
the gas:
∑
s Zsns = 0.
If the temperature is lower than 105 K, we assume that the
gas consists of H I, H II, He I, He II, electrons and some minor
species. We assume that hydrogen and helium are ionized
equally, i.e. nH II/nH = nHe II/nHe. Obviously, for neutral
gas xe = 0 and there are no ionized species (H II, He II,
electrons). Similarly, for fully ionized gas there are no neutral
particles (H I, He I) and xe > 1. When the temperature is
higher than 105 K, we assume that the gas consists of H II,
He III, electrons and some minor species. Due to their very
low abundance, we can perform computations for different
minor species (D I–II, Li I–IV) independently of each other.
Adding a minor species to the gas mixture does not affect
the diffusion of hydrogen or helium.
(iii) We next solve Burgers’ equations (20) and (21) for
the diffusion velocities ws. To this end, we use two additional
conditions needed to close the system:
∑
s nsmsws = 0 and∑
s Zsnsus = 0. The former follows from the definition of
ws and the latter from the absence of electric currents.
(iv) Next, using u, ws and the boundary velocity vin ≡
∂rin/∂t, we calculate particle flow rates through the inner
boundary rin: fs =
∮
nsvs di = 4pir
2
invsns, where vs = u +
ws−vin. Note that for stage I, u = vin and therefore vs = ws
at rin, i.e. there is only diffusion and no bulk flow through
rin. The net amount of a given species accumulated in the
halo over its evolution is obtained by time-integration of fs.
(v) The number density of a given species in the next
time interval is obtained from the continuity equation:
∂ns
∂t
+
1
r2
∂
∂r
[r2ns (ws + u)] = 0. (31)
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3 RESULTS
Using the method described above, we performed numerical
calculations to estimate cumulative changes in the abun-
dance of helium, deuterium and lithium that may arise due
to diffusion during structure formation, as a function of red-
shift and halo mass.
3.1 Minihalos fed by cold gas before reionization
We begin by considering the formation of the first bound ob-
jects in the Universe before it was reionized and reheated.
Our model has two parameters: mass Mi of the initial per-
turbation and the redshift of halo virialization zvir ≈ 0.6zita.
Since the ionized gas fraction after cosmic recombination is
very small, xe ∼ 10−4, the resulting diffusion velocities of
hydrogen and helium prove to be nearly the same as they
would be in the case of a completely neutral H-He gas. Due
to the low temperature of the IGM and therefore small tem-
perature gradients, thermal diffusion is not important in this
case. Apart from thermal gas pressure, bulk motion of the
baryons relative to the dark matter also counteracts accre-
tion of gas into forming halos. This leads to the existence
of a minimal halo mass for which baryons are still able to
accrete onto halos. Tseliakhovich, Barkana & Hirata (2011)
have demonstrated that this filtering mass, averaged over
the streaming velocity distribution, is of order 105M. We
therefore adopt 105M as the minimal halo mass in our
computations, although the Jeans mass can be an order of
magnitude smaller (see eq. 33 below).
The left panel of Fig. 3 shows the relative enhance-
ment in the abundance of helium accumulated over the pre-
collapse growth of a perturbation (stage I in our model) as
a function of Mi. We start our calculations at zi = 10
3,
i.e. just after cosmological recombintaion. The integration is
stopped at zf , the redshift of the earlier of two events: zita,
when the perturbation turns around to collapse, or the end
of cosmic reionization zrei = 6, when the Universe becomes
completely ionized and our approximation of cold and nearly
neutral IGM becomes invalid.
We see that diffusion-driven helium enrichment dimin-
ishes with increasing halo mass and reaches a maximum
amplitude δYp/Yp ∼ 1.5 × 10−4 for Mi = 105M and
zita ≈ zrei. The decreasing trend with mass can be ex-
plained as follows. The instantaneous flux of particles of a
given sort (e.g. helium) through the boundary R(t) of the
growing perturbation qs ∝ R(t)2ws(t). Due to self-similarity
of the solution for spherical collapse, the diffusion velocity
ws ∝ ρ−1∇P/P ∝ δ(1 + δ)−2ρ−1bg R−1 (times some tempera-
ture dependence arising from the diffusion coefficient). Here,
ρbg(t) is the current mean matter density in the Universe
and δ(t) is the current overdensity within the perturbation,
which does not depend on the mass of the overdense re-
gion if the initial density contrast δi(ti) is fixed. The to-
tal mass gas (mainly hydrogen) within R(t) remains con-
stant with time (M(t) = Mi) and is ∝ (1 + δ)ρbgR3. There-
fore, diffusion is expected to change the helium abundance
by δ(nHe/nH) ∝
∫
qs dt/M ∝
∫
δ/(1 + δ)−3ρ−2bg R
−2 dt ∝
M
−2/3
i , since R ∝ M1/3i . The smaller effect for zita = 2
compared to zita = 6, observed in Fig. 3, is due to the fact
that in this case the calculation was halted at zrei = 6 when
the perturbation was still growing and the pressure gradient
was still small, accordingly limiting the diffusion velocity.
Also shown in the left panel of Fig. 3 are the correspond-
ing abundance changes for minor species, namely D I, Li I
and Li II, for zita = 6, when diffusion is most efficient. Diffu-
sion gradually raises all of these abundances in the forming
halo, and the enhancements are comparable to or smaller
than that for helium. Due to the low ionization potential of
Li I (∼ 5.39 eV), nearly half of primordial lithium is expected
to be in the singly-ionized state after cosmic recombination,
at zrecomb > z > zrei (Galli & Palla 1998). The cross-section
of Li II–H II Coulomb interactions is much larger than that
for Li II–H I collisions. Even at xe ∼ 10−4, this leads to spa-
tial coupling of Li II and H II resulting in a net diffusive
outflow of ionized lithium from the forming halo. However,
the yet faster outflow of H I atoms leads to a slow increase
of Li II abundance in the overdense region with time.
The right panel of Fig. 3 shows the relative enhance-
ments of the abundance of helium, deuterium and lithium
accumulated during subsequent accretion of matter onto the
newly formed halo (stage II) as a function of final halo mass
Mf at zrei = 6 (where Mf ≈ (zvir + 1)/(zrei + 1) ×Mi at
z  1 for the self-similar accretion solution2). In this case,
we start our calculation at the moment of virialization of
the initial perturbation, tvir = 2tita, and stop it at zrei = 6
(assuming that zvir > zrei).
As was the case with stage I, we see that the diffu-
sion effect decreases with increasing halo mass. In addition,
it increases with zvir, due to the longer time available for
operation of diffusion. Helium enrichment reaches a maxi-
mum of ∼ 2.5× 10−4 for Mf = 105M when zvir & 15. The
results presented in Fig. 3 indicate that, for a given object,
diffusion-induced abundance enhancements are typically 2–3
times larger for the accretion stage than for the pre-collapse
stage. We thus focus our attention on the accretion stage in
the subsequent discussion.
We conclude that diffusion could not raise the primor-
dial abundances of helium, deuterium and lithium by more
than δAX/AX ∼ 10−4 in the first bound structures formed
in the Universe before it was reionized and experienced any
preheating. Moreover, this effect is restricted to the smallest
halos of mass ∼ 105–106M.
3.2 Halos fed by preheated gas before reionization
Observations indicate that the IGM was almost fully reion-
ized by zrei = 6 (Spinrad et al. 1998; Hu, McMahon & Cowie
1999; Fan et al. 2000). It is generally accepted that cosmic
reionization was mostly driven by UV radiation from the
first galaxies. However, it is likely (e.g., Venkatesan, Giroux
& Shull 2001; Madau et al. 2004; Ricotti & Ostriker 2004)
that already during the early epoch of structure formation
there existed X-ray sources that could significantly preheat
and preionize the gas throughout the Universe. This might
have been helped by cosmic-ray heating caused by the first
supernovae (Sazonov & Sunyaev 2015). It is thus likely that
the IGM was warm and weakly ionized long before zrei, and
2 As was mentioned before, we do not consider the virialization
stage zita < z < zvir and possible changes in the halo mass asso-
ciated with this period.
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Figure 3. Relative enhancements (per halo) of primordial element abundances caused by diffusion in the cold IGM before cosmic
reionization. The solid lines correspond to He I, short dashed to Li I, long dashed to D I and dash-dotted to Li II. Left: Abundance
increments accumulated during the growth of a spherical perturbation until its collapse (stage I) as a function of initial halo mass. The
calculation starts at zi = 10
3 and stops at either zita or the reionization redshift zrei = 6, depending on which happens first. For He I,
results for zita = 2 (blue), 6 (red), 30 (green) and 50 (black) are shown. For Li I, D I and Li II, only results for zita = 6 are shown.
Right: Abundance increments accumulated during secondary accretion onto the virialized halo (stage II) as a function of its final mass.
Calculation starts at the virialization redshift zvir ≈ 0.6zita and ends at zrei = 6. For He I, results for zvir = 6.5 (brown), 10 (green),
18.5 (purple) and 31 (black) (corresponding to zita ≈ 11, 16, 30 and 50) are shown. For Li I, D I and Li II, only the case of zvir = 10
(zita = 16) is presented.
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Figure 4. Relative enhancement (per halo) of the helium abundance from its primordial value, caused by diffusion in the preheated IGM
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and accrete matter until zrei = 6, while the IGM temperature and ionization fraction remain constant. The stage of initial halo growth
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mass. Left panel: The solid lines correspond to neutral gas, while the dashed lines to fully ionized plasma. Right panel: The same, but
for a different values of gas ionization: 20% (solid), 90% (dashed)
such conditions could be favourable for diffusion. Therefore,
we now examine the impact of IGM preheating on helium
diffusion in halos forming before the reionization of the Uni-
verse was completed.
We consider a simplistic scenario that at redshift zprei
the IGM was suddenly preheated to a temperature Tprei and
its ionization fraction was raised to xe, and the IGM re-
mained in this state until zrei. As before, we study diffusion
using the adiabatic solution for gas accretion onto a virial-
ized halo, whose mass must exceed the Jeans mass (Shapiro,
Giroux & Babul 1994; Barkana & Loeb 2001):
MJ ≡ 4pi
3
(
λJ
2
)3
ρbg(0) ∼ pi
6
(
5pikBT
3ηmpG
)3/2
ρ
−1/2
bg . (32)
At z ∼ 150, the mean baryon temperature decouples from
that of the CMB and later on declines as Tm ∝ (1+z)2, and
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the corresponding Jeans mass
MJ ≈ 5× 103
( η
1.23
)−3/2(1 + z
10
)3/2
M, (33)
where η = 1.23 (0.61) is the mean molecular weight for
neutral (fully ionized) gas. If, however, the IGM is heated
to a specified temperature TIGM, then
MJ ≈ 1.3× 108
( η
0.61
)−3/2(TIGM
103K
)3/2(
1 + z
10
)−3/2
M,
(34)
Figure 4 shows the relative enhancement in the abun-
dance of helium accumulated during accretion of a preheated
IGM onto a virialized halo as a function of Tprei. It is as-
sumed that halos virialize at zvir = zprei = 10 and ac-
crete matter until zrei = 6. The stage of initial halo growth
and collapse (before zvir) is not taken into account. In the
left panel, we illustrate the impact of heating on neutral
and fully ionized gas. The large Coulomb cross-sections be-
tween charged particles effectively prevent diffusion in ion-
ized plasma at low temperatures. However, the Spitzer diffu-
sion coefficient steeply rises with temperature, much faster
than for neutral gases: DCoulomb ∼ T 5/2 vs. Dneutral ∼ T 1/2.
As a result, for IGM temperatures above 104 K the effects of
diffusion in fully ionized and neutral gases become similar.
The right panel of Fig. 4 shows results for partially ionized
gas. If neutral particles are a dominant gas component, then
neutral-charged interactions have small effect on diffusion of
the neutral species, so that the effect of diffusion in weakly
ionized gas (xe < 40%) is similar to that in neutral gas.
We see that moderate IGM preheating can significantly
increase the efficiency of diffusion of helium (and other
primordial elements) during accretion of gas onto newly
formed bound objects. For example, helium enrichment can
reach δYp/Yp ∼ 3 × 10−4 in minihalos of ∼ 106M for
Tprei ∼ 100 K and δYp/Yp ∼ 3 × 10−5 in more massive
halos (∼ 109M) for Tprei ∼ 104 K, provided the ionization
degree is not too high, xe . 40%. The former would corre-
spond to objects that probably hosted the first, metal-free
stars in the Universe, and the latter to the first galaxies in
the Universe.
3.3 Massive halos fed by hot gas after reionization
We finally consider the case of virialized objects accreting
hot ionized gas upon reionization of the Universe. We now
assume that at zrei the IGM became fully ionized (xe =
1.08–1.16, depending on whether helium is singly or doubly
ionized) and acquired a constant high temperature Trei &
104 K. We further assume that there was a preceeding period
zprei > z > zrei of preheating when the IGM had lower
temperature Tprei and ionization fraction xe,prei.
We calculated effects of diffusion in the post-
reionization epoch for a number of such simplistic scenarios
of IGM reionization:
(1) Trei = 2× 104 K, without preheating;
(2) Trei = 2× 104 K, Tprei = 103 K and xe,prei = 0.11;
(3) Trei = 2× 104 K, Tprei = 104 K and xe,prei = 0.22;
(4) Trei = 3× 104 K, Tprei = 104 K and xe,prei = 0.22;
(5) Trei = 10
6 K, no preceeding stage.
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Figure 5. Various scenarios of IGM reionization and heating con-
sidered here. The top and middle panels show the IGM temper-
ature and ionization fraction as a function of redshift; the bot-
tom panel shows the corresponding evolution of the Jeans mass
(dashed gray lines) and of the mass of the halos used in diffusion
calculations (the same types of lines as in the two upper panels).
The computations started at zvir = 10 for scenarios 1–4 and at
zvir = 6 for scenario 5. In all the scenarios, zrei = 6; zprei = 10
for scenarios 2–4 (see text for further details).
We adopt zprei = 10 and zrei = 6. The scenarios are illus-
trated in Fig 5.
Figure 6 shows the results of these computations as a
function of final redshift zf . For scenarios 1–3, we start the
calculations at the virialization redshift zvir = 10 and con-
sider halos with initial mass M(zvir) ≈ 2× 1010M so that
the halo remains above the Jeans limit during the post-
reionization epoch. For scenario 4, we consider halos with
zvir = 10 and M(zvir) ≈ 4 × 1010M. For scenario 5 (hot
IGM), we take zvir = 6 and M(zvir) ≈ ×1013M. In this
case, we consider diffusion in a gas composed of H II, elec-
trons and either He II or He III.
We see that element diffusion during cosmological ac-
cretion of gas in the post-reionization epoch cannot change
the abundance of helium in virialized halos by more than
∼ 10−5 if the accreting gas has a temperature of a few
104 K, as expected for z . 6 (Ben´ıtez-Llambay et al. 2015).
However, a substantially stronger effect may be achieved in
the case of accretion of hot plasma with T ∼ 106 K, with
thermal diffusion being important here (see Fig. 6). In this
case, helium enrichment may reach δYp/Yp ∼ a few 10−3
by z ∼ 2. This pertains to objects of high (final) mass,
∼ 1013M, since smaller structures cannot accrete hot gas.
While our scenario 5, where the IGM temperature is set at
106 K already at zrei = 6, is certainly unrealistic, the change
c© 2015 RAS, MNRAS 000, 1–??
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Figure 6. Relative enhancement of helium abundance caused by
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in the abundance of helium results from integration of the
diffusion-driven inflow over the period zrei < z < zf and is
largely determined by what happens in its low-redshift part.
Since a substantial fraction of the IGM at z ∼ 2 is in fact
expected to be in a warm-hot phase with T ∼ 105–107 K
(Cen & Ostriker 1999, 2006) and this gas should be accret-
ing onto massive halos, a substantial enrichment of galaxies
by helium during this epoch via diffusion might indeed be
possible (provided magnetic fields do not change this simple
picture completely). This deserves a more detailed assess-
ment in future work.
We can finally estimate the abundance changes for deu-
terium and lithium. Figure 7 shows results obtained for two
reionization temperatures Trei = 2×104 K and 106 K. Here,
for simplicity we started our calculations at zvir = zrei = 6.
We see that, as with helium, the largest abundance incre-
ments arise in the case of accretion of hot (106 K) plasma.
The result also depends on the ionization state of a given el-
ement, primarily because barodiffusion depends on the mass
and ion charge.
4 SUMMARY
We have explored the possible impact of diffusion on the
abundance of helium and other primordial elements during
formation of the first structures in the early Universe. We
considered two stages of structure evolution: growth of a
perturbation until its collapse and subsequent accretion of
gas onto the virialized halo.
At the end of the Dark Ages, when baryonic matter
was cold and nearly neutral, diffusion could raise the con-
centration of He, D and Li relative to hydrogen in the first
virialized minihalos: the maximum enrichment for helium is
δYp/Yp ∼ 10−4 for ∼ 105–106M halos. Moderate preheat-
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Figure 7. Enhancement of deuterium and lithium abundances
caused by diffusion during secondary accretion onto virialized
halos during the post-reionization epoch, as a function of the
final redshift. All calculations start at zvir ≈ 6. For the top
group of curves, the IGM temperature Trei = 10
6 K and the
halo mass M(zvir) ≈ ×1013M. For the bottom group of curves,
Trei = 2 × 104 K and M(zvir) ≈ 2 × 1010M. The short dashed
lines are Li IV, the long dashed ones are D II, the dash-dotted
ones Li III, dotted curve is Li II. For comparison, He II and He III
are shown by the solid lines.
ing of the IGM by X-ray irradiation or other mechanisms
at the beginning of cosmic reionization could significantly
accelerate diffusion during secondary accretion of gas onto
virialized objects and accordingly change the chemical com-
position of their gas content. Helium enrichment could reach
δYp/Yp ∼ 3 × 10−4 in minihalos of ∼ 106M, capable of
forming the first stars, for an IGM heated to Tprei ∼ 100 K,
and δYp/Yp ∼ 3×10−5 in ∼ 109M halos, presumably host-
ing the first galaxies, for Tprei ∼ 104 K (provided the IGM
remained moderately ionized, xe . 40%). Some of the proto-
galaxies formed at that time may still exist as dwarf galaxies
at the present epoch and might be the best targets to search
for the predicted primordial abundance distortions.
It should be noted that the element abundances, in-
cluding that of helium, observed today in most places of
the Universe have been affected by stellar evolution. The
effect of the latter is smallest in low-metallicity dwarf galax-
ies, where helium abundance can be modified by as little as
δYp/Yp ∼ 10−3 (whereas for galaxies with Solar metallicity,
δYp/Yp & 10−2) (Izotov, Stasin´ska & Guseva 2013). This is
comparable, but yet somewhat larger than the predicted am-
plitude of the effect of diffusion. Furthermore, for measure-
ments of primordial helium abundance, the effect of chemical
enrichment due to star formation is usually corrected for by
extrapolating the regression of the helium abundance versus
metallicity (typically, oxygen abundance) to zero metallicity
(Izotov, Stasin´ska & Guseva 2013).
We also examined accretion of gas onto virialized ob-
jects upon reionization of the Universe. In this case, diffu-
sion cannot change the abundance of He, D and Li by more
than ∼ 10−5 if the IGM has a temperature of a few 104 K,
as is expected for z . 6. However, a more noticebale he-
lium enrichment, δYp/Yp ∼ a few 10−3, may be achieved
c© 2015 RAS, MNRAS 000, 1–??
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by z ∼ 2 in the case of accretion of warm-hot IGM with
T ∼ 106 K onto massive (∼ 1013M) halos, corresponding
to protogroups of galaxies.
The diffusion-induced abundance changes discussed
here are small but comparable to the already achieved
∼ 0.1% precision of cosmological predictions of the primor-
dial He abundance. If direct helium abundance measure-
ments (in particular, in low-metallicity HII regions in dwarf
galaxies) achieve the same level of precision in the future
(currently it is worse by an order of magnitude), their com-
parison with the BBN predictions may require consideration
of the effects discussed here.
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